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Thermodynamic Properties of Neutron-Rich Matter
Matt Tilley and Bao-An Li
Department of Chemistry and Physics, Arkansas State University
P.O. Box 419, State University, AR 72467-0419
Abstract
The mechanism of supernova explosion and properties of neutron stars are uniquely determined by the equation of state
of neutron-rich matter. Using a phenomenological equation of state within a thermal model, we study thermodynamic properties of neutron-rich matter. In particular, we investigate chemical (diffusive) and mechanical (isothermal) instabilities of neutron-rich matter and their dependence on the nuclear equation of state. Both instabilities are found to be heavily dependent
upon the isospin asymmetry, temperature, and density of neutron-rich matter. We show that the boundary of the chemical
instability extends farther out into the density-isospin symmetry plane than that of the mechanical instability. Results of this
study provide a useful guide to current experiments exploring properties of neutron-rich matter.
Introduction
A puzzling problem in astrophysics today involves the
properties of neutron stars and the related mechanism of
supernova explosions. Investigations into these phenomena
cannot be accomplished without the knowledge of the equation of state of isospin asymmetric nuclear matter. Thus, one
of the most interesting subjects in nuclear physics today is
the study of the nuclear equation of state using nuclear reactions induced by neutron-rich nuclei or radioactive beams
(Li and Schroder, 2001). In these reactions transient states of
nuclear matter with sufficiently high isospin asymmetries
and large thermal and compressional excitations can be created. Moreover, novel phenomena such as multifragmentation, which is characterized by the emission of several intermediate mass fragments, may happen in these reactions.
Multifragmentation in isospin-symmetric nuclear matter is
thought to occur due to mechanical instabilities such as the
Coulomb, surface and volumetric instabilities. However, in
isospin-asymmetric nuclear matter, new mechanisms, such
as the chemical instability, might be responsible for the multifragmentation. In this work we perform a study on the
thermodynamic properties of isospin-asymmetric nuclear
matter. In particular, using phenomenological nuclear equations of state within a thermal model we investigate the
boundaries of chemical and mechanical instabilities and
their dependence on the isospin asymmetry, temperature,
density and nuclear equation of state.
Thermodynamic Analysis ofIsospin-Asymmetric Nuclear
Matter. --Thermodynamic stability does not occur for all
nuclear matter of density p, temperature T, and isospin
asymmetry 8 a (pn -pJ/p. The necessary conditions for sta)ility in asymmetric nuclear matter are (Miiller and Serot,
1995)
(dE/dT) p j>0,
(1)
(dP/d5) Tj>0,
(2)

{d\in /d5) PJ >0,

(3)

where E, P, and nn are the energy per nucleon, pressure,
and neutron chemical potential, respectively. The first
condition is required by thermodynamic stability, and is satisfied by any reasonable equation of state (EOS) ;the second
protects against mechanical instability that arises from density fluctuations; the last protects against chemical instability, which can lead to the runaway isospin fractionation (Li,
1997; Li, 2000). To understand the thermodynamic properties of nuclear matter, we must have a good knowledge of
the nuclear EOS. At present, nuclear many-body theories
predict vastly different isospin dependence of the nuclear
EOS depending on both the calculation techniques and the
bare two-body and/or three-body interactions employed,
see e.g., (Brown, 2000; Horowitz 2001). Various theoretical
studies have shown that the energy per nucleon e(p,8) in
nuclear matter of density p and isospin asymmetry parameter 8 can be approximated very well by a parabolic function
(Bombaci and Lombardo, 1991)
e(p,6)=e(p,0)+S(p)*52.
(4)
Inthe above e(p,0) is the EOS of isospin-symmetric nuclear
matter and S(p) is the symmetry energy at density p. The
form of the symmetry energy as a function of density is
rather strongly model dependent. Very divergent predictions on the isospin dependence of the nuclear EOS by various many-body theories have led to vastly different forms
for S(p). We adopt here a parameterization used by
Heiselberg and Hjorth-Jensen in their studies on neutron
stars (Heiselberg and Hjorth-Jensen, 2000)
(¦ r>)

S(p)=S o(Po)*ur,

where u=(p/po) is the reduced density and Sq(pq) is the symmetry energy at normal nuclear matter density p0 The
value of Sq(pq) is known to be in the range of about 27-36
MeV from analyzing atomic masses. By fitting the result of

.
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variational many-body calculations, Heiselberg and HjorthJensen found that S 0 (p0)= 32 MeV and y= 0.6. However,
as shown by many other authors, previously (Bombaci and
Lombardo, 1991) and more recently by Brown (Brown,
2000), using other approaches, the extracted value of y
varies widely, even its sign is undetermined. Therefore, in
this work we allow y to be a free parameter and study its
influence on the thermal properties of asymmetric nuclear
matter. Further, we use a constant value of 30 MeV for
Sq(Po) in this work.
The symmetry energy per nucleon has a kinetic and a
potential contribution (Li, Ko and Bauer, 1998)

S(p)=3/5»EP F u m (22/3 -7)+V2

(6)

where EPpis the Fermi energy at p(), and V2 is the potential
contribution. The asymmetry potential energy density is
then:
(7)
52

V^

From W^ we can obtain the single-particle potential energy V^asy &ven bv

WP^QW^Pt/p)

(8)

and whose value is

(9)

+4.2 u2/3) S2 ± (S0uY-12.7u 2/3)8

where "+" and "-" are for neutrons and protons respectively. The chemical potential of asymmetric nuclear matter in
equilibrium, jig, (q=n for neutrons, q=p for protons) is
defined as:
[(n+l)/n*bn(VTPq/2n (10)

where pq is the density of nucleons, and X-p=(2nh2/m .T) is
the thermal wavelength of a nucleon. The coefficients b n are
obtained from mathematical inversion of the Fermi
distribution function (Jaqaman 1989). The single-particle
mean field potential energy Vo, is defined as:
(

(11)

VQ=au+bu a

with a, b, and o~ being dependent upon the bulk compressibility of nuclear matter, K, taken in this discussion to take
an accepted value 200 MeV, i.e.,
a = f-29.81-46.90(K+44.73)/(K-166.32)J

(MeV), (12)

b = [23.45(K+255. 78)/(K-166.32)] (MeV),

(13)

a =(K+44. 73)/2 17.05

(14)

From the chemical potentials defined in (10), we can obtain
the global pressure for the system from the Gibbs-Duhem
relation
(dP/dp) = p/2 f(1+8)(diinfip) + O-SHd/UpAp)].

(15)

which gives the separable result
P =P0+Pasy+Pkin

(16)

where Pq is the isospin independent mean field contribution
of the nuclear interaction, i.e.,
Po = 1/2 ap 0 u2 + bap /(a + 1) u? +1,

(17)

Pkin is the kinetic contribution
Pkin=Tp{1+ 1/2 I
nb n (X*TP /4)n [(7+S)n+i+(7-S)"+i],

(18)

and Pay is the contribution from the isospin dependent portion of the nuclear interaction and is given by

Posy

=

(So

Wotf+1-8-5p o uM)&.

(19)

With the above thermodynamic relations we can establish
boundaries of both mechanical and chemical stability
regions in the (p,T,8) configuration space. The mechanical
stability is readily evident from Eqn. (15), while the chemical instability must be derived from the Maxwellian relation
(Li and Ko, 1997)

QlL^Sfrjp^iiflShj-QiifipfrjrQPApyiTtfQPASfrpm
Results and Discussions
We now turn to the results of our analysis. We first conthe study of mechanical instability and on its
dependence on the isospin asymmetry of the system. In Fig.
1, we study the pressure as a function of density, temperature, isospin asymmetry 8 and the yparameter. This allows
us to explore the effects of temperature T, and density parameter y, on not only the pressure itself, but also how these
factors influence the mechanical instability. The latter happens in the region where the slope of the pressure with
respect to density is negative. It is easy to correspond the
increase in temperature with a decreasing probability of
observing a mechanical instability. First of all, the effect of
the yparameter on the total pressure is rather small. This is
because of the dominant role of the kinetic pressure.
Secondly, it is seen that the pressure increases with the
increasing isospin asymmetry 8and with increasing temperature. As a result the mechanical instability region shrinks
when either the temperature or the isospin-asymmetry
increases. Above a critical temperature Tc determined by
centrate on
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Fig. 1. System pressure, P, as a function of density, p, for values of isospin asymmetry of 8=0.0,0.2,0.4,0.6,0.8 and 7.0 (from
bottom to top), respectively.

the condition
(dP/dp) z8 = (d 2P/dp2) TS

= 0,

(21)

the pressure increases monotonically with density, and the
mechanical instability disappears. More quantitatively, we
show inFig. 2, the critical temperature and density as a function of the isospin asymmetry parameter 8 with the y parameter of 0.5. Itis interesting to see that both the critical temaerature and density decrease with the increasing isospin
asymmetry. Thus one expects to see a shrinking mechanical
nstability region for increasingly more neutron-rich
systems.

fl(T,P,8), for both neutrons and protons with a parameter
7=0.5 at a typical temperature of5 MeV. Each isobar on the
graph is a result of a different constant pressure. First, we
note that for corresponding pressures, the isobars for neutrons and protons begin from the same chemical potential at
8=0. This is what one expects at the limit of symmetric
nuclear matter. Itis seen that the chemical potential increases with 8 for neutrons and decreases for protons. This is
because the potential Vasy in the expression of the chemical
potential, Eqn. (10), is repulsive for neutrons and attractive
for protons. The most interesting feature in these plots is
that there exists an envelope of pressures inside of which
chemical instability occurs, i.e.,

Figure 3 shows the chemical potential of nuclear matter,
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Fig. 2. Critical density (upper window) and critical temperature (lower window) isobars that enclose regions of mechanical
instability for density parameter y=0.5.

0fin/d8) < 0.

(22)

Inside this region, the system is unstable against isospin fluctuations. For instance, if several neutrons have migrated
into a region of chemical instability due to some statistical or
dynamical fluctuations in a reaction process, the isospin
asymmetry parameter 8 will increase and energy of the
region willdecrease. To minimize the total energy of the system, it is favorable to have more neutrons to move to the
region thus leading to the further increase of the isospin fluctuation. By comparing results at the three different
temperatures it is seen that the chemical instability region
shrinks, i.e., for increasing temperature, chemical instability
occurs for much less isospin-asymmetric matter. This shows

that it is possible to observe phenomena due to the chemical instability even in reactions using stable nuclei, which
can attain isospin asymmetry up to about 0.4.
After studying separately the mechanical and chemical
instabilities, we are now ready to compare their relative
boundaries in the configuration space of (T,p,S). Shown in
Fig. 4 are the boundaries of both chemical and mechanical
instabilities in the (8,p) plane for three temperatures, with
the diffusive spinodal, which indicates the boundary for
chemical instability, extending further out into the plane
and enveloping the region of mechanical instability; the two
regions of instability do not overlap. As the temperature
increases, in accordance with Fig. 1, the mechanical instability region becomes less prominent over a more narrow

Journal of the Arkansas Academy of Science, Vol. 55, 2001
151

https://scholarworks.uark.edu/jaas/vol55/iss1/20

151

Journal of the Arkansas Academy of Science, Vol. 55 [2001], Art. 20

Fig. 3. Chemical potential, fi, for neutrons and protons as a function of isospin asymmetry S, at temperature, T=5MeV and
density parameter, y=0.5. The isobars occur at constant pressures of value P=0. 005, 0.02, 0.20 and 0.50MeV/fm 3,respectively,
for neutrons and protons.

range of densities, and chemical instability will occur for a
more isospin-symmetric liquid. Furthermore, there exists a
maximum isospin asymmetry for each of the instabilities at
constant temperature: as the density of the system decreases the diffusive and isothermal spinodals begin from a zero
sospin asymmetry, extend out to a maximum value, and
then decrease back down to zero.
Summary
Utilizing a phenomenological nuclear equation of state
thin a thermal model, we have explored the isospin

dependence of the chemical and mechanical instabilities in
nuclear matter. The diffusive spinodal is found to extend further out into the (8,p) plane than the isothermal spinodal. It
is shown that the isospin dependence of the nuclear equation of state plays a key role in determining the properties of
nuclear matter. Itis also shown that current experiments can
readily create conditions where the mechanical and chemical instabilities can happen. Results of this study provide a
useful guide to experiments exploring properties of neutronrich matter.
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